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We regularize the Laplacian growth problem with zero surface tension by introducing a short-
distance cutoff ~, so that the change of the area of domains is quantized and equals an integer
multiple of the area quanta ~. The domain can be then considered as an aggregate of tiny particles
(area quanta) obeying the Pauli exclusion principle. The statistical theory of Laplacian growth is
introduced by using Laughlin’s description of the integer quantum Hall effect. The semiclassical
evolution of the aggregate is similar to classical deterministic Laplacian growth. However, the
quantization procedure generates inevitable fluctuations at the edge of the droplet. The statistical
properties of the edge fluctuations are universal and common to that of quantum chaotic systems,
which are generally described by Dyson’s circular ensembles on symmetric unitary matrices.
PACS numbers: 73.43.-f, 68.05.-n, 67.10.Fj, 02.30.Ik
Laplacian growth is a fundamental problem of pattern
formation phenomena in nonequilibrium physics [1, 2].
It embraces numerous free boundary dynamics includ-
ing bidirectional solidification, dendritic formation, elec-
trodeposition, dielectric breakdown, bacterial growth,
and flows in porous media [3]. These processes can be
typically represented by diffusion driven motion of an
unstable interface between different phases. Despite its
seeming simplicity, Laplacian growth raises enormous in-
terest in physics and mathematics, because it produces a
variety of universal patterns with remarkable geometrical
and dynamical properties [4, 5].
The instability of the interface dynamics is a distinctive
feature of Laplacian growth. A relevant example is the
viscous fingering in a Hele-Shaw cell, when a less viscous
fluid is injected into a more viscous one in a narrow gap
between two plates [5, 6]. When the effect of surface ten-
sion is negligibly small, the interface dynamics becomes
highly unstable. This, the so-called idealized Laplacian
growth problem, possesses a reach integrable structure,
unusual for most nonlinear physical phenomena [7–9].
The idealized problem is ill-defined, because the grow-
ing interface typically develops cusplike singularities in a
finite time [7]. Thus, a mechanism stabilizing the growth
is necessary. For instance, surface tension regularizes the
growth by preventing the formation of singularities with
an infinite curvature. However, it is a singular pertur-
bation of the system, which ruins a reach mathematical
structure of the idealized problem.
In this paper, we regularize Laplacian growth by in-
troducing a short-distance cutoff preventing the cusps
production. Namely, we assume that the change of areas
of domains is quantized and equals an integer multiple
of the area quanta ~, i.e., the domain is an aggregate of
tiny particles (area quanta) obeying the Pauli exclusion
principle. The same system also appears in the study of
integer quantum Hall effect. Moreover, a semiclassical
evolution of the electronic droplet in the quantum Hall
regime is known to be similar to Laplacian growth [10].
Thus, we introduce statistical theory of Laplacian growth
by using Laughlin’s description of the integer quantum
Hall effect.
Laughlin’s theory. Laughlin’s theory correctly approx-
imates ground states of planar droplets of incompress-
ible quantum fluids placed in a (non)uniform background
magnetic field [11]. Below, we scale the magnetic field B
by the uniform field B0, so that le =
√
2~c/eB0 is a mag-
netic length, and the magnetic flux is Φ = NΦ0, where
Φ0 = 2pi~c/e is a unit of flux quanta. From now on we
chose units e = c = 1, so that eB0/c = 2 and Φ0 = 2pi~.
Then, Laughlin’s wavefunction of N nonintercating elec-
trons in the nonuniform magnetic field reads
ψN (z) =
1√
N !τN
∏
i<j
(zi − zj)e− 12~
∑
i[ziz¯i−2V (zi)], (1)
where zj = xj + iyj is a position of the jth electron, z =
{z1, . . . , zN}, the overbar denotes complex conjugation,
the normalization factor is
τN =
1
N !
∫ ∏
i<j
|zi − zj |2
∏
i
e−
1
~ [ziz¯i−2V (zi)]d2zi, (2)
and V (z) is the potential of the nonuniform part δB =
−∇2V of the total magnetic field B = B0+δB. Although
δB = 0 inside the droplet, the nonzero potential V (z)
shapes the edge of the droplet—this is a manifestation
of the Aharonov-Bohm effect. The potential V (z) is an
analytic function inside the droplet, so that,
V (z) = Re
∑
k≥1
Tkz
k, Tk =
1
2pik
∫
C
δB(z)z−kd2z, (3)
where Tk are the multipole moments.
Semiclassical limit. If the number of particles N con-
stituting the droplet is large, whereas their size ~ is small,
and the area of the droplet pit0 = ~N is kept finite, the
aggregate can be described semiclassically. In this limit
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2FIG. 1. The time dependent conformal map w(z, t) from C\
Dt in the z plane to the complement of the unit disk in the w
plane. The dashed line in the z plane represents the boundary
Γt+δt of the advanced domain Dt+δt, which is determined by
the density of eigenvalues (the dashed line in the w plane) of
the Dyson ensemble. The layer lt = Dt+δt ∩Dt is formed by
electrons at z = {z1, . . . , zK}, added to the droplet Dt upon
increasing the total magnetic flux by δΦ = 2piK~.
the density of electrons ρN (z) =
∑N
i=1 δ
(2)(z − zi) is a
smooth function of z, which steeply drops down at the
edge of the droplet [12]. The integral (2) is dominated
by the uniform distribution of electrons, which fill the
domain D with a constant density. This domain has a
sharp boundary (we also assume that the boundary is
smooth) and is characterized by the area pit0 = ~N , and
the set of external harmonic moments,
tk =
1
pik
∫
C\D
z−kd2z, k = 1, 2, . . . , (4)
which equals the multipole moments of the potential (3).
The semiclassical distribution of electrons also deter-
mines the leading contribution to the free energy, F =
lim~→0 ~2 log τN [13], thus establishing a relation with
the τ -function of analytic curves [14],
F (t0, t1, t¯1, . . . ) = − 1
pi2
∫
D
∫
D
log
∣∣∣∣1z − 1z′
∣∣∣∣ d2zd2z′. (5)
The set of equalities, tk = Tk (k = 1, 2 . . . ), implies that
the system is in mechanical equilibrium, when the elec-
trons are “frozen” in equilibrium positions.
Growth of the droplet. Below, we assume that system
is connected to a large capacitor that maintains a small
positive chemical potential slightly above the zero en-
ergy of the lowest Landau level. The droplet Dt grows
with time t when the total magnetic flux Φ adiabat-
ically increases [15]. Adiabatic variations of V (z) de-
form the shape of the domain (the set of harmonic mo-
ments) [10, 16].
Let us increase the flux by δΦ = KΦ0, so that the area
of the droplet changes by K~. Then, the growth rate is
quantized, Q = Kq, where q = ~/δt is the rate quanta.
The semiclassical dynamics of the boundary maximizes
the transitional probability between the initial and final
states of the quantum system. These states are character-
ized by Laughlin’s wavefunctions ψN (z
′) and ψN+K(z′, z)
respectively. By z′ = {z′1, . . . , z′N} we denoted the posi-
tions of electrons in the droplet Dt, while K electrons
with the coordinates z = {z1, . . . , zK} form a thin layer,
lt = Dt+δt∩Dt, with the area K~ (see Fig. 1). The tran-
sitional probability between the droplets, Dt and Dt+δt,
is determined by the absolute square of the overlap func-
tion [17],
ΨN,K(z) =
∫
C
. . .
∫
C
ψN (z′)ψN+K(z′, z)d2z′. (6)
Its absolute square, |Ψ|2, gives a probability of adding
K extra particle at the points z ∈ lt of the layer. Us-
ing the properties of the Vandermonde determinant, one
recasts (6) in the form
ΨN,K(z) =
√
N !
(N +K)!
e−
1
2~
∑
i[ziz¯i−2V (zi)]
√
τNτN+K∏
i<j
(zi − zj)zN1 · · · zNKe−~
∑
iD(zi)τN , (7)
and the operator D(z) =
∑
k>0(z
−k/k)∂/∂tk generates
infinitesimal deformations of the shape of the droplet.
Semiclassical evolution of the droplet. Below we only
consider the semiclassical limit of the overlap function.
In this limit the droplet has a sharp boundary, and the
density of electrons is uniform inside the droplet. On
expanding (7) in ~ we recast |Ψ|2 in the form:
|ΨN,K(z)|2 ' 1√
2pi3~
∏
i<j
|zi−zj |2 exp
{
−2
~
∑
i
A(zi)
}
exp
−∑
i,j
[
1
2
∂2t0 − ReD(zi)D(zj)
]
F
 , (8)
where A(z) ≡ A(z, z¯) = |z|2/2− Re Ω(z) is the modified
Schwarz potential written in terms of the potential [18],
Ω(z) =
∑
k>0
Tkz
k + t0 log z −
[
1
2
∂t0 +D(z)
]
F, (9)
and F is the τ -function of the boundary curve (5).
As a function of z the modified Schwarz potential A(z)
reaches its minimum on the curve Γ = ∂D. The ex-
tremum condition, z¯ = ∂zΩ(z), implies that S(z) =
∂zΩ(z) is the Schwarz function of Γ. The Schwarz func-
tion for a sufficiently smooth curve drawn on the complex
plane is an analytic function in a striplike neighborhood
the curve, such that z¯ = S(z) for z ∈ Γ [18].
It is convenient to introduce the (time dependent) con-
formal map w(z) from the exterior of the droplet D in
the physical z plane to the complement of the unit disk
is the auxiliary w plane (see Fig. 1). The map is normal-
ized in such a manner that w(∞) =∞ and the conformal
3radius r = 1/∂zw(∞) > 0. A second variation of the free
energy (5) can be then expressed in terms of w(z) [14],
log
w(zi)− w(zj)
zi − zj =
[
−1
2
∂2t0 +D(zi)D(zj)
]
F. (10)
By using (10) and taking into account that the parti-
cles at z have a continuous distribution (i.e., the density
ρK(z) = ~
∑K
i=1 δ
(2)(z−zi) is a smooth positive function
inside the layer [19]) we recast (8) in the form
|Ψ|2 ∝ e 1~2 {
∫
l
∫
l
log |w(z)−w(z′)|d2zd2z′−2 ∫
l
A(z)d2z}. (11)
Stoke’s theorem. Stoke’s theorem allows one to reduce
the integral over the layer, lt, to the contour integrals
along its boundaries, Γt and Γt+δt, which further can
be contracted to a single contour integral along Γt. After
adding and subtracting the integral
∫
l
∫
l
log |z−z′|d2zd2z′
to the exponent of (11), we obtain∫
l
∫
l
log
∣∣∣∣w(z)− w(z′)z − z′
∣∣∣∣ d2zd2z′ =∫
Γ
∫
Γ
δh(ζ) log
∣∣∣∣w(ζ)− w(ζ ′)ζ − ζ ′
∣∣∣∣ δh(ζ ′)|dζ||dζ ′|, (12)
where δh(ζ) is the width of the layer at ζ, and Γ is the
inner boundary of the layer l, which coincide with the
boundary of the domain D (see Fig. (1)).
Now, let us apply Stoke’s theorem to the integrals,
G =
∫
l
∫
l
log |z − z′|d2zd2z′ − 2
∫
l
A(z)d2z. (13)
It is convenient to consider first the following auxiliary
integral along the boundary
I(ζ) = Re
∫
Γt
dζ ′
2pii
[St+δt(ζ ′)− St(ζ ′)] log(ζ − ζ ′), (14)
where ζ ∈ lt, and St+δt(ζ) − St(ζ) ≡ δSt(ζ) is the dif-
ference of the Schwarz functions of the curves Γt+δt and
Γt correspondingly. The logarithmic branch cut results
in the appearance of the term − ∫
[ζ,ζ0]
St+δt(ζ ′)dζ ′ upon
transformation of the contour Γt → Γt+δt in the first in-
tegral in the right hand side of eq. (14). By [ζ, ζ0] we
denoted the path (cut) inside the layer with the end-
points ζ ∈ lt and ζ0 ∈ Γt. Let us add and subtract the
following integral to I(ζ),
Icut(ζ, ζ0) = −Re
∫
[ζ,ζ0]
Scut(ζ ′)dζ ′, (15)
where Scut(ζ) is the Schwarz function of the cut. Stoke’s
theorem allows one to recast the sum of the line integrals,
It+δt + Icut − It, in the integral over the layer [20],
I(ζ) =
∫
l
log |ζ−z′|d2z′−Re
∫
[ζ,ζ0]
dζ ′ [St(ζ ′)− Scut(ζ ′)] .
(16)
Since
∫ z S(z′)dz′ = Ω(z) and Re Ω(z) = |z|2/2 if z ∈ Γ,
the integral I(ζ) can be rewritten in the form
I(ζ) =
∫
l
log |ζ − z′|d2z′ −At+δt(ζ), (17)
where At(z) is the modified Schwarz potential of Γt. In-
troducing the integral I = (2pii)−1
∫
Γt
I(ζ)δSt(ζ)dζ, and
transforming the contour Γt → Γt+δt one obtains Stoke’s
theorem for the integrals (13),
G =
∫
Γ
∫
Γ
δh(ζ) log |ζ − ζ ′|δh(ζ ′)|dζ||dζ ′|. (18)
To obtain eq. (18) we also rewrote the difference of the
Schwarz functions in terms of the width of the layer
δS(ζ) = 2i√S ′(ζ)δh(ζ) and used |dζ| = √S ′(ζ)dζ.
Statistical theory of Laplacian growth. The evolution
of the droplet Dt → Dt+δt is not a deterministic process.
The probability of different growth scenarios is given by
the absolute square of the overlap function (11), which is
a functional on the grown layer lt = Dt+δt∩Dt. Introduc-
ing the normal interface velocity vn(ζ, t), so that advance
of the interface per time δt is δh(ζ) = vn(ζ, t)δt, and us-
ing eqs. (12), (18), one recasts the transitional probabil-
ity (11) in the functional on the interface velocity,
|Ψ|2 ∝ e 1q2
∫
Γ
∫
Γ
vn(ζ) log |w(ζ)−w(ζ′)|vn(ζ′)|dζ||dζ′|, (19)
where q = ~/δt is the quanta of the growth rate Q = Kq.
The variation of (19) shows that |Ψ|2 is maximal when
v∗n(ζ, t) = Q|w′(ζ, t)|, ζ ∈ Γt. (20)
This maximum is exponentially sharp when ~→ 0, so all
fluctuations around v∗n are suppressed. Therefore, v
∗
n is a
classical trajectory for the stochastic growth process. It
describes the deterministic Laplacian growth with a sink
at infinity. Since vn = Im(∂tz¯∂φz)/|∂φz|, one can rewrite
eq. (20) in the form
Im
[
∂tz(eiφ, t)∂φz(e
iφ, t)
]
= Q, (21)
which is the classical deterministic Laplacian growth [5].
Stochastic Laplacian growth. Experimental observa-
tions in the Hele-Shaw cell usually show a chaotic dy-
namics of the interfaces. The mechanism leading to this
behavior is missing in the deterministic Laplacian growth
problem (21), where the complex irregular shapes are
commonly explained by tiny uncontrollable initial devi-
ations of the interface from the perfect shape. Owing to
integrability of (21), a wide class of exact solutions de-
scribes in detail a transformation of initially almost per-
fect interfaces to highly non-trivial irregular shapes [21].
Although these solutions capture a part of real processes,
we do not believe that initial details can encode all com-
plexities of a final shape, as it contradicts to the well-
known fact in basic physics that unstable nonlinear sys-
tems have, as a rule, a very short memory and quickly
“forget” initial details.
4The nonzero cutoff, ~, results in the inevitable fluc-
tuations of the interface, which modify the determinis-
tic growth (21). The analytic treatment of the func-
tional (19) can be considerably simplified by mapping
it to the auxiliary w plane. Let ρ(θ) be a macroscopic
density function on the unit circle, |w| = 1, related to the
interface velocity in the z plane by the conformal factor,
vn(ζ, t) = q|w′(ζ, t)|ρ(θ), eiθ = w(ζ, t). (22)
Then, in terms of ρ(θ) the functional (19) takes the form
|Ψ|2 ∝ exp
{∫ 2pi
0
∫ 2pi
0
ρ(θ) log |eiθ − eiθ′ |ρ(θ′)dθdθ′
}
,
(23)
so that the exponent of |Ψ|2 is a negative Coulomb energy
of the electric charge distributed on the unit circle with
the density ρ(θ).
The deterministic Laplacian growth (21) is described
by the maximum of the functional (23), namely, the uni-
form density ρ∗(θ) = K. The nonuniform density gener-
ates fluctuations of the normal interface velocity, so that
the growth process is described by the equation
Im
[
∂tz(eiφ, t)∂φz(e
iφ, t)
]
= qρ(φ). (24)
Finally, we note that the distribution function of fluc-
tuations (23) is similar to Dyson’s circular unitary ensem-
ble on symmetric unitary K×K matrices in the large K
limit [22],
|Ψ|2 ∝
∏
i<j
∣∣∣∣2 sin(θi − θj2
)∣∣∣∣2 , (25)
so that ρ(θ) =
∑K
i=1 δ(θ−θi) is the density of eigenvalues.
Conclusion. We regularized Laplacian growth by intro-
ducing a short-distance cutoff ~, which prevents the cusps
production. The nonzero cutoff results in the inevitable
fluctuations at the interface during the evolution. Be-
cause of the instability of Laplacian growth, the system
is extremely sensitive to noise: a local destabilization of
the interface results in the tip-splitting and formation of
fingers of water separated by fjords of oil.
Dyson’s ensemble (25) (equivalently, (19)) describes
static (time independent) fluctuations of the interface ve-
locity. However, as the fluctuation appears at time t, it
affects the probabilities of its various values at later time
instances. It is expected, that the system will tend to
reach the equilibrium state. In future publications we will
show that the relaxation to equilibrium in Dyson’s en-
semble results in the formation of universal patterns with
a well developed fjords of oil in the long time asymptotic.
Thus, it becomes possible to address highly nonequlib-
rium growth in the framework of linear nonequilibrium
thermodynamics.
Note that when K = 1, i.e., only one particle is added
to the droplet per time unit, the growth is similar to
diffusion-limited aggregation [23]. Thus, it is important
to obtain Dyson’s distribution (25) directly from eq. (8)
without the use of the continuum limit. Then, it will be-
come possible to unify both problems, diffusion-limited
aggregation and Laplacian growth, within a single frame-
work of (time-dependent) Dyson’s circular ensembles.
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